We are using entanglement entropy approach to study how the entropy depends upon the location of degrees of freedom near and far from the horizon. We consider quantum fields in the vicinity of black holes space-time, the entropy receives logarithmic and power law corrections in area law. The power law corrections arises when the fields are in excited or mixed state (superposition of ground and excited state)a but logarithmic corrections are present in ground state. In this paper, we try to understand physically the deviation from the area law for the excited and mixed state. We show that the degrees of freedom near to the horizon contribute the total entropy, but when degrees of freedom far away from the horizon are more significant for excited/mixed state instead of ground state.
I. INTRODUCTION
The underlying physics of black holes have been the target of several investigations. One of the important characteristic of a black hole is its resemblance with a thermodynamical system, i.e. one can safely applies laws of thermodynamics to study black hole. The temperature of black hole (Hawking temperature) is proportional to its surface gravity on the horizon [1] and entropy of black hole is proportional to its horizon area [1, 2] . These quantities satisfy the first law of thermodynamics. Classically a black hole does not emit radiation but quantum mechanically it emit radiation (Hawking radiation). The discovery of Hawking radiation was a milestone regarding our understanding of phenomenon of black holes. There are many approach to study the black hole entropy e.g. Euclidean approach, Brick wall Model, D brane method, Entanglement entropy, Holographic entanglement entropy and many other. Among all the approach, we consider the entanglement entropy as the most attractive candidate to study the black hole entropy.
The entanglement entropy (EE) measures the quantum information due to the division of a system. The connection between the entropy with the information loss is the main feature of EE method which is not clear in other approaches. The EE is the non-geometric approach while the AdS/CFT correspondence provides a geometrical way to study the entropy of the black hole known as holographic entanglement entropy [3] . Bombelli at el. [4] attempted to understand the EE in 1986 and was rediscovered by Srednicki [5] where it was applied to quantum fields in flat space-time tracing over the degrees of freedom inside the entangling surface. Using this formalism Das et al. [6] [7] [8] calculated the entropy of scalar field in Schwarzschild black hole for the first excited state and mixed state. It was concluded that the EE is directly proportional to the area of the horizon, but the proportionality constant is not universal. The EE is one of the promising candidates to the source of black hole entropy and its quantum corrections [9] [10] [11] [12] [13] [14] [15] [16] .
In several cases, if one considers quantum fields in the vicinity of black holes, the entropy receives both logarithmic and power law corrections, which arises due to the quantum and thermal fluctuations [17] respectively. The power law corrections arise in the presence of excited state and mixed states [18, 19] and the logarithmic corrections arise due to the quantum fluctuations [20, 21] . We study the location of degrees of freedom near and far from the horizon of BTZ black hole space-time. In this attempt, there are two approaches to study the degrees of freedom responsible for black hole entropy. The first approach associated with fundamental degrees of freedom related to string loops [22] [23] [24] and other one associated with quantum fields (scalar) propagating in the Black hole space-time. Depending on the approach, one counts certain degrees of freedom on the horizon but can not say about the relevant degrees of freedom and their precise location.
In this paper, our attempt is to study above problems in a more general framework, which in fact, may be relevant in other approaches. The starting point of our study is the entanglement between quantum fields lying inside and outside the horizon, which leads to black-hole entropy. When the fields are in ground state, area law is obeyed, but in the case of excited/mixed states, the degrees of freedom near the horizon leads to violation of area law [18, 19] . To understand physically the deviation from the area law for the excited/mixed state, we ascertain the location of the microscopic degrees of freedom that lead to entanglement entropy in these cases. We analysed although the degrees of freedom close to the horizon contribute most to the total entropy, the contributions from the degrees of freedom that are far from the horizon are more significant for the excited/mixed state. This paper is organized as follows; The basic set up of scalar field propagating in BTZ black hole space-time in section (II) and study the location of degree of freedom in section (III). We present our results and its physical implication in section (IV).
II. BASIC SET-UP
A black hole solution in (2 + 1) dimensional gravity with negative cosmological constant is BTZ black hole. The metric of BTZ black hole with cosmological (Λ = − 2 l 2 ) [25] constant is given by;
where −∞ < t < ∞ and 0 ≤ φ ≤ 2π. The solution is parametrized by the mass, M and angular momentum J of the black hole and they obey the conditions, M > 0 and |J| < M l.
The metric of BTZ black hole can be written in term of proper distance [12, 20] ,
where we are using (r 2 (ρ) = l 2 (u 2 +M )). The action of massless scalar field in the background of BTZ black hole is written as,
where √ −g and g µν are the determinant and the metric element of the BTZ black hole 2 respectively. The field Φ can be decomposed using the separation of variables Φ(t, ρ, φ) = m φ m (t, ρ) e imφ . This decomposition of Φ manifest the cylindrical symmetry of the system.
Substituting the values of Φ, g µν and √ −g in equation 2, we get the expression,
The Hamiltonian of the scalar field in the BTZ background space-time is given by [12, 19, 20] ,
This Hamiltonian is not diagonal, therefore to diagonalize it we define the new momentum
The canonical variables field (φ m ) and diagonalized momentum (π m ) satisfy the following relation,
Using the diagonalized momentum, the diagonalized Hamiltonian can be written as [12, 19, 20] ,
where
One can descretized the system by following substitution,
where A,B=1,2 ....N and "a" is UV cut-off length. The continuum limit is regained by taking the limit a → 0 and N → ∞ while the size of the system remains fixed. The cut-off parameter, "a" is defined as lattice spacing becomes the cut-off length at Plank scale in quantum gravity. The Hamiltonian of the system of our study can be discretized by making following replacements to fields, momenta and interaction term,
After above mentioned replacements, corresponding discretized Hamiltonian of the scalar field in the BTZ black hole is identical to the the set of N coupled harmonic oscillators and it is given by,
where p A = aδ ABq B is the canonical momentum conjugate to q A . The interaction matrix elements V AB (where A, B = 1, 2 . . . . . . N ) is written as [20] ,
The matrix form of the interaction term V AB is,
(3). The various matrix elements of V AB matrix are written as,
The off-diagonal term of the matrix represents the interaction of the system. These terms represent the interaction between the nearest neighbours of the harmonic oscillator.
III. LOCATION OF DEGREES OF FREEDOM
In order to understand how the degrees of freedom near/far from the horizon are con- To study the percentage contribution of the total entropy as a function of window position,
we use the following procedure [8] , A1 First we set the off-diagonal elements of V AB is zero, except in a 'window', whose centre is at a point q, where q is a window position. A3 the values of q vary from 0 to a value greater than n, and thus allow the window to move rigidly across from the origin to a point outside the horizon at n.
A4 for every window location (values of q) and fixed window width d, we compute the entanglement entropy S(q, fixed d) in each of the cases ground state (GS), excited state (ES) and mixed state (MS) and find the percentage contribution of the entropy as a function of q by using the following relation,
where S total is the total entropy with all interactions, i.e., with the indices i, j running from 0 to N is shown in Figure 1 . and excited state percentage entropy contribution with window position (q) is shown in Figure 1 . From these graph, we can say that:
• When the percentage contribution of entropy is zero when the interaction term is zero,
The contribution suggests entropy rises significantly in the presence of interaction term. This observation suggests that the entropy rises significantly when the window includes the horizon i.e, entanglement between degrees of freedom inside and outside the horizon contributes to entropy.
• When the percentage contribution of entropy depends upon the window position.
when there is no excitation (ground state), the peaks are symmetrically placed inside and outside the region. this observation suggests that degrees of freedom close to the horizon contribute more to the entropy compared to those far from it.
• for the excited state, the peak diminishes with increasing the excitation number (o).The peak increases(decreases), when the window is near(far) away from the (n).
These indicate that, for ES, there is a significant contribution from the degrees of freedom far-away from the horizon.
From the above discussion, we confirm that the entanglement between degrees of freedom inside and outside the region (horizon) contributes to the entropy. The contribution of entropy is more from the degrees of freedom near the horizon and they decrease with increasing the excitation number.
B. Percentage contribution of entropy as a function of window width
To study the percentage contribution of the total entropy as a function of window width, we use the following procedure, B1 we set the off-diagonal elements of V AB is zero, except in a window, whose centre is at a point q.
B2 The index A of the elements of the matrix V AB varies from (p) to (n), where 0 ≤ p ≤ n.
B3
The width d = (n − p) of the window vary from 0 to n.
B4
The entanglement entropy for every window width (d) finds the percentage contribution of the entropy as a function of (d) is written as, • The entropy depends upon the location of degrees of freedom.
• The degrees of freedom of the entropy for the superposed states are intermediate between the ground state and excited state.
IV. RESULTS AND CONCLUSIONS
In this paper, we have studied the location of degrees of freedom near/far from the horizon. We shown that how the degrees of freedom are responsible for the entropy. The behaviour of the degrees of freedom are depicted in Figure 1 and Figure 2 . We can see
clearly from the Figure 1 that the peak is symmetric inside and outside the horizon for the ground state but for the excited state the peak diminishes with increasing excitation number o = 10, 30. The peak increase when the window is near from the horizon and decrease when far from the horizon. From these observation we can say clearly the degrees of freedom are responsible for entropy and contribute more for ground state rather then excited/mixed
states. The Figure 2 shows that the ground state entropy and excited state entropy plots has similar behaviour at large window width (position of degrees of freedom) but effect is clearly visible at small window width. This is related to power law correction which arises due to the thermal fluctuations applicable near the horizon, where the large number of the fields mode (degrees of freedom) are present. These results would be more significant in case of higher dimensional black holes. One can also study dependence of entropy on degrees of freedom for fermions and gauge fields in BTZ black hole space-time.
